The one-loop effective potential of a thermodynamic fermion loop under constant magnetic field is studied. As expected, it can be interpreted literally as a discretized sum of (D−2)-dimensional energy density above the Dirac sea. Large/small mass expansions of the potential are also examined.
Recently, effects of magnetic field on the chiral symmetry breaking have been intensively studied [1] . In the paper [2] , we obtained a simple analytic form of thermodynamic effective potential for a fermion loop coupled to constant magnetic field in D dimensions.
On the contrary, corresponding (D-dimensional) effective potential for the electric field case [3] - [7] can not easily be organized into a concise form like the magnetic case due to a number of singularities; in other words, possessing an imaginary part [8] . Nevertheless we derived a few analytic expressions for the real parts of the effective potential and its gap equation in the simplest (zero temperature) case through the electromagnetic dual transformation; i.e., rotating a magnetic parameter ξ = eB into a pure imaginary number ξ = iρ = ieE [2] . This rotation procedure can not always be applied to an intermediate process of calculation, depending on whether or not the potential can be regarded as a complex analytic function of ξ. It is expected to be valid when the potential is written in terms of a special analytic function. In this way, a compact form of D-dimensional thermodynamic effective potential for the electric case might be obtained.
Associated with this strategy, we here present some more analytic representations (in terms of special functions) of the thermodynamic effective potential for a fermion loop coupled to a constant magnetic field. First, we discuss a physical interpretation of the effective potential. As is well known, effective potentials possess the meaning of energy density, and we would like to suggest that a mathematical expression of the (finite temperature) potential indicates the physical meaning explicitly. There is also a dimensional reduction from D to D − 2 in the presence of magnetic field, and we hence expect that the structure should be D − 2 dimensional energy density averaged by the Fermi-Dirac state density.
We then present large/small mass expansions of the thermodynamic effective potential with keeping β finite. In order to see a validity for these results, we shall reproduce a zero temperature potential (with µ = 0) from these expressions. Namely applying a lowtemperature expansion to each mass expansion, we shall see that the leading terms of the low-temperature expansions coincide with the zero-temperature potential obtained in [2] , where none of these (mass and temperature) expansions were used and its T = 0 situation was rather direct. In this sense, this paper provides another proof of the zero-temperature potential of finite density.
The basic parts of model Lagrangian are
and the D-dimensional thermodynamic effective potential is derived at one loop [2]
where Θ 2 is the elliptic theta function of second kind and tr [1] stands for the trace of gamma matrix unit. This can also be rewritten in the form
where the first term V R is a renormalized effective potential for the original Lagrangian (1), or one may add a four-fermi interaction to the Lagrangian (1) if necessary. However, such a fermion interaction does not contribute to the second termṼ β,µ , which is the pure thermodynamic part of the effective potential (2) and is renormalization free. Since our present interest is the thermodynamic part, which possesses a model independent structure, we focus on the latter potential, and its explicit form is given by [2] 
where
Note that eq. (4) is composed of the sum over a discrete energy spectrum ǫ n = ± √ m 2 + 2nξ due to the presence of magnetic field. Since ξ possesses the mass dimension 2, the fun- We can regard this fact as an example of the dimensional reduction from D to D − 2.
Furthermore we here suggest one more interesting feature: From this specific potential form, we can read clearly the common fact that the effective potential is understood as an energy density. Although this statement is very natural, however the above potential forms eqs. (2) and (5) do not explain this structure explicitly.
Let us reveal here the desired structure introducing another expression for eq.(5)
where we have used an integral representation for K ν and then performed the sum on n.
Changing the integration variable with ǫ = t + σ, we obtain
RHS of this equation can be interpreted as follows. The denominator of the integrand is related to the state density N(ǫ) averaged by the Fermi-Dirac statistics
and the numerator with integration measure carrying the mass dimension D − 2 (same
is understood as an energy density for the infinitesimal interval dǫ. The integration means nothing but a total sum of this energy density over the whole state density N(ǫ), and the lower bound of the integration is restricted by the Dirac sea of the fermion mass σ.
In addition, in the case of zero temperature, N(ǫ) takes 1 or 0, and the Fermi energy is given at the point ǫ = µ. Thus we have
and this is exactly the result given in [2]
Next, we consider further details of O β (σ) (for finite β) which we did not get through in the previous paper [2] . We present below its large/small mass expansions at finite β. Obviously, in eq.(6), there are two ways of performing binomial expansion for the quantity f (ǫ); i.e., for (t 2 + 2σt) ν where ν = (D − 3)/2.
First, let us consider the large σ case (σ −1 -expansion). After changing βt → t and expanding around σ = ∞,we can perform the integration seen in eq.(6) for each expansion
where Φ(z; s, a) is the Lerch transcendental function defined by
Since the Lerch function is transformed into the generalized zeta function by the relation
we can transform eq.(12) into another representation
When D = 3, the above summations in eqs. (12) and (15) In this sense, the former (12) may rather be a fundamental expression. Anyway the both expressions coincide with the following in D = 3 (see also the 1'st literature of [1] )
Nevertheless, the latter representation (15) is convenient to consider the low-temperature expansion (β −1 -expansion). Let us find that the leading term of the expansion reproduces the previous result (11). The β −1 -expansion can be performed through the asymptotic formula for zeta function
For example, the highest power of β is calculated as follows:
Substituting this result into RHS of eq.(15), we derive
where we have applied the following relation to eliminate the cosine factor seen in eq.(18)
Furthermore, using
and
we find
The leading term is now identified with the quantity (11) through the formula (20) for
Secondly, let us compute the small mass expansion. The calculation is parallel to the above σ −1 -expansion. Expanding (t 2 + 2σt) ν for small σ and integrating each mode, we obtain the following two representations
where the Lerch transformation (14) and the following formula are applied
Again let us perform the β −1 -expansion in eq.(25) and sum up the leading contribution similarly to the former case. The resulting equation is
The value of O β at the origin σ = 0 for finite β can be obtained by putting σ = 0 into (25). The k = 0 term is only nonzero, and we get O β (0);
For infinite β, we just put σ = 0 in (27), and the leading term only survives;
In closing this report, we put two interesting remarks on eq.(29). The first one is that we can see that eq. (29) 
Secondly, eq. (29) is divergent if we take the limit D → 2. This is an interesting point although a magnetic analysis in D = 2 per se is meaningless. As pointed out in the introduction as well as in [2] , we can obtain an effective potential for the electric case at T = 0 from the present case through the rotating ξ → iρ. This rotation makes the quantity (29) pure imaginary, and it certainly means that the imaginary part of the (electric case) potential is divergent in D = 2 [4] .
